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In 1981, R. Haydon, E. Odell, and Y. Sternfeld [R. Haydon, E. Odell, Y. Sternfeld, A ﬁxed
point theorem for a class of star-shaped sets in c0, Israel J. Math. 38 (1–2) (1981)
75–81] proved that weakly compact, coordinatewise star-shaped sets in c0 have the ﬁxed
point property for nonexpansive mappings. In this article, it is shown that, for closed,
bounded, coordinatewise star-shaped sets, the ﬁxed point property is equivalent to weak
compactness.
© 2008 Elsevier Inc. All rights reserved.
A subset K of c0 is coordinatewise star-shaped if there exists a point x0 in K (called the center of K ) such that, if x ∈ K
and y = (y(i)) ∈ c0 satisfy y(i) ∈ co{x0(i), x(i)} for i ∈ N, then y ∈ K (where the convex hull co{x0(i), x(i)} is the closed
interval joining x0(i) and x(i)). The class of coordinatewise star-shaped sets was introduced in [3] where it was shown that
weakly compact, coordinatewise star-shaped sets in c0 have the ﬁxed point property for nonexpansive mappings and that a
ﬁxed point of such a mapping could be obtained in a constructive manner. Earlier, E. Odell and Y. Sternfeld [5] had shown
that the closed convex hull of a weakly convergent sequence in c0 has the ﬁxed point property. The more general result
that every weakly compact, convex set in c0 has the ﬁxed point property was proven soon afterward by B. Maurey [4]. The
results in [1] and [2] combine with Maurey’s result to show that, for closed, bounded, convex subsets of c0, the ﬁxed point
property for nonexpansive mappings is equivalent to weak compactness. In this article, an analogous result is shown for the
class of bounded, coordinatewise star-shaped sets in c0.
Theorem. Let K be a closed, bounded, coordinatewise star-shaped set in c0 . K has the ﬁxed point property for nonexpansive mappings
if and only if K is weakly compact.
Proof. Given the result in [3], it is only necessary to prove that, if K is a closed, bounded, coordinatewise star-shaped set in
c0 that is not weakly compact, then K fails to have the ﬁxed point property. Since translates of coordinatewise star-shaped
sets in c0 are also coordinatewise star-shaped, there is no loss of generality in assuming that 0 is the center of K .
It is easy to see that norm closed, coordinatewise star-shaped sets in c0 are weakly closed. Therefore, if K is not weakly
compact, there exists a sequence (xn) in K that converges in the weak∗-topology of ∞ to an element x = (ξi)i∈N in ∞ \ c0.
We will denote xn by (ξni )i∈N =
∑∞
i=1 ξni ei , where (ei)i∈N is the canonical unit vector basis of c0.
Let L = limsupi |ξi |. Clearly, L > 0 and so, by scaling the set K and the sequence (xn) and considering the set −K if
necessary, we can assume that L = limsupi ξi = 2.
Let i1 = min{i: ξi  32 }. Since the sequence (ξni1 )n converges to ξi1 , choose n1 ∈ N so that |ξ
n1
i1
− ξi1 | < 12 . Then ξn1i1 > 1.
Next, let i2 = min{i: i > i1 and ξi  32 }. Since the sequences (ξni j )n converge to ξi j for j = 1,2, choose n2 > n1 so that
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n2
i j
> 1 for j = 1,2. Continuing inductively, there exists a subsequence (xnk ) of (xn) and an
increasing sequence (ik) of natural numbers such that ξik  32 for all k and |ξnki j − ξi j | < 12 for j = 1, . . . ,k. Then, for each
k ∈ N, ξnki j > 1 for j = 1, . . . ,k.
Since xnk ∈ K for each k ∈N and K is a coordinatewise star-shaped set with center 0, the elements yk =
∑k
j=1 ei j lie in K .
Then, since K is a closed and coordinatewise star-shaped set with center 0, the set K0 = {∑∞j=1 α jei j : (α j) ∈ c0 and 0 
α j  1 for all j ∈N} is a closed, bounded subset of K .
Deﬁne R : c0 → K0 by R((αi)) =∑∞j=1(|αi j | ∧1)ei j and S : K0 → K0 by S(
∑∞
j=1 α jei j ) = ei1 +
∑∞
j=1 α jei j+1 . It is not hard
to check that the map S ◦ R : K → K is a nonexpansive mapping without a ﬁxed point. Thus, if a bounded, coordinatewise
star-shaped set is not weakly compact, it fails to have the ﬁxed point property for nonexpansive mappings. 
The hypothesis in the theorem that the set K is bounded can not be omitted. In fact, the set S =⋃∞n=1 co{0,nen} is a
closed, unbounded (and hence, non-weakly compact), coordinatewise star-shaped set in c0 with the ﬁxed point property for
continuous mappings. To see this, let T : S → S be a continuous map. If T (0) = 0, there is nothing to prove. So assume that
T (0) = 0 and choose N ∈ N so that T (0) ∈ co{0,NeN}. If 0 /∈ T (co{0,NeN}), then T maps the closed interval co{0,NeN} into
itself and T has a ﬁxed point by the Intermediate Value Theorem. Otherwise, let z = min{t ∈ [0,N]: T (teN ) = 0}. Note that
z > 0 and deﬁne a continuous function c : [0, z] → R so that c(t)eN = T (teN ) − teN . Since c(z) < 0 < c(0), the Intermediate
Value Theorem gives rise to a zero of c and a ﬁxed point of T in S . Therefore each continuous self-map of S has a ﬁxed
point.
Finally, although it may be tempting to consider an analogue of the theorem in the space c of convergent sequences, one
should probably resist the temptation: a weakly compact, coordinatewise star-shaped set in c with center 0 is already in c0.
Moreover, closed, bounded, coordinatewise star-shaped sets in c that are not weakly compact fail the ﬁxed point property.
To see why these statements are true, let K be a weakly compact, coordinatewise star-shaped set in c with center 0
and assume that there exists an element x = (ξi) ∈ K \ c0. There is no loss of generality in assuming that limi ξi = 2.
Then there exists N ∈ N such that ξi  1 if i  N . Since K is a coordinatewise star-shaped set with center 0, the set K
contains the elements zk =∑kj=0 eN+2 j +
∑∞
j=2 eN+2k+ j for k ∈ N ∪ {0}. But the sequence (zk) has no weakly convergent
subsequence in K , contradicting that K is weakly compact. Therefore any weakly compact, coordinatewise star-shaped
set in c with center 0 is already in c0. Moreover, if K is a closed, bounded, coordinatewise star-shaped set in c with
center 0 and K is not weakly compact, the above construction gives a natural number N so that
∑∞
j=N e j ∈ K . The mapping
T (
∑∞
i=1 αiei) = eN +
∑∞
i=N (|αi | ∧ 1)ei+2 then deﬁnes a nonexpansive map of K into itself without a ﬁxed point. Therefore,
closed, bounded, coordinatewise star-shaped sets in c that are not weakly compact fail to have the ﬁxed point property. So,
although the above theorem can be stated with the space c in place of the space c0, there is little additional information
in such a theorem: the only closed, bounded, coordinatewise star-shaped sets in c that have the ﬁxed point property are
translates in c of weakly compact sets in c0. It is still unknown if closed, bounded, convex sets in c have the ﬁxed point
property if and only if they are weakly compact. For a partial result in this direction, see Corollary 7 in [1].
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